In [3] , without any detailed proof, the author provided a formula to calculate the arithmetic genus of a certain family of smooth complete intersection algebraic curves. That formula is used extensively in [1] to study on the algebraic curves for which their Jacobian has superelliptic components. In this note, we show that the genus formula given in [3] works only under certain conditions. Then, we provide the correct version of the formula with a detailed proof.
Introduction and main result
Let k be a number field and r, s ≥ 2 be integers. Denote byk an algebrically closed field containing k. Fix a system of coordinates x, y 1 , · · · , y s , w, z on the projective space P s+2 over k. Define the algebraic curve X r,s over k and in P s+2 by the following equations,
where c ℓ ∈ k, ℓ = 0, 1, 2, and c i,j ∈ k for i = 1, · · · , r, and j = 1, · · · , s.
Without giving any detailed proof, in Proposition 4.1 (i) of [3] , the author stated that the arithmetic genus g(X r,s ) of the curve X r,s is equal to (r − 1)(rs · 2 s−1 − 2 s + 1) if it is smooth and c 0 = 0. This genus formula is used extensively in Section 4 of [1] to provide an necessary and sufficient condition in terms of r and s such that the Jacobian of g(X r,s ) to decompose as Jacobian of superelliptic curves.
In this paper, we are going to provide a correct formula for the genus of X r,s as stated in the following theorem. Theorem 1.1. Assume that the curve X r,s is smooth and c 0 = 0. Then, the genus of the curve X r,s is equal to g(X r,s ) = 1 + r s (s(r − 1) − 1).
Proof.
Let ω Xr,s to be the canonical sheaf of X r,s . By the exercise (II.8.4.e) in [2] , it is linearly equivalent to O(rs + 2 − (s + 2) − 1) = O(s(r − 1) − 1). Hence, we have
where the last equality comes by applying the Hurwitz formula for the finite morphism
which is of degree 2r s over algebraically closed fieldk. Therefore, 2g(X r,s ) − 2 = 2 · r s · (s(r − 1) − 1), in other words, we have g(X r,s ) = 1 + r s (s(r − 1) − 1) as desired.
We notice that the genus formulas coincide in two cases, say when r = 2 and any s ≥ 1 as well as r ≥ 2 and s = 1. Thus, Theorem 4.2 in [3] and Theorem 4.2 in [1] and its consequences are true only in the above mentioned two cases.
